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INVARIANT MEASURES FOR INTERVAL TRANSLATIONS AND
SOME OTHER PIECEWISE CONTINUOUS MAPS
SERGEY KRYZHEVICH
Abstract. We study some special classes of piecewise continuous maps on a
finite smooth partition of a compact manifold and look for invariant measures
for such maps. We show that in the simplest one-dimensional case (so-called
interval translation maps) a Borel probability non-atomic invariant measure
exists for any map. We use this result to demonstrate that any interval trans-
lation map endowed with such a measure is metrically equivalent to an interval
exchange map. Finally, we study the general case of piecewise continuous maps
and prove a simple result on existence of an invariant measure provided all dis-
continuity points are wandering.
Introduction
The main objective of this research is to understand how the numerical methods
could be used to study piecewise continuous dynamics. Modelling the discontinuous
dynamics manifests many difficulties that could be easily illustrated by the following
example [11, Exercise 4.1.1].
The famous Krylov - Bogolyubov Theorem claims that any continuous transfor-
mation of a compact metric space admits a Borel probability invariant measure.
The similar statement for discontinuous maps is wrong.
Example 0.1. Consider the map T : [0, 1]→ [0, 1] given by the formula: T (x) = x/2
if x > 0; T (0) = 1. This map does not admit any Borel probability invariant
measure.
So, the numerical methods may be inappropriate even in their weakest form –
modelling invariant measures. Observe that for continuous maps of compact sets we
have lower semicontinuity of the set of invariant measures that fails for discontinuous
maps.
Applying numerical methods, one usually cuts the phase space into small indi-
visible pieces (pixels, finite elements etc) that do not change their shapes. The
numerical method shuffles these pieces, sometimes with overlaps. Here we face at
least two questions:
Q1: do such piecewise isometries admit any invariant measures?
Q2: do these measures approximate any invariant measure of the initial system?
The first problem is well-known in the one-dimensional case.
Example 0.2. Consider the circle T1 := R/Z. We represent it as a union of disjoint
subsegments Mj = [tj , tj+1), j = 0, . . . , n, t0 = tn and define the map S by the
formula
S(t) = t+ cj mod 1, t ∈Mj .
Here cj are real values. Such map is called interval translation (ITM) or, if it is
one-to-one it is called interval exchange (IEM).
Similarly one may consider interval translation maps on the segment [0, 1]. Notice
that in this paper we consider the orientation - preserving maps only.
For interval exchange maps the question Q1 is trivial: the Lebesgue measure is
always invariant. Moreover, the map S admits at most n Borel probability invariant
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non-atomic ergodic measures (see [11, §14.5, §14.6] for the basic theory of interval
exchange maps and [16] and [19] as surveys for deeper results).
The case of non-invertible ITMs, first considered by M. Boshernitzan and I.
Kornfeld [3] is much more sophisticated. One of the principal problems for ITMs is
their classification.
Definition 0.3. We say that the ITM S is finite if there exists a number m ∈ N
such that
Sm(T1) =
∞⋂
k=1
Sk(T1).
Otherwise, the map S is infinite.
In [3], authors have demonstrated that many ITMs are finite and thus may be
restricted to interval exchange maps. However, there are examples with ergodic
measures supported on Cantor sets. J. Schmeling and S.Troubetzkoy [13] provided
some estimates on the number of minimal subsets for ITMs.
H.Bruin and S. Troubetzkoy [6] studied ITMs of a segment of 3 intervals (n =
3). It was shown that in this case typical ITM is finite. In any case, results on
Hausdorff dimension for attractors and unique ergodicity are given. These results
are generalised in [4] for ITMs with arbitrary many pieces. There is an uncountable
set of parameters leading to type ∞ interval translation maps but the Lebesgue
measure of these parameters is zero. Furthermore conditions are given that imply
that the ITMs have multiple ergodic invariant measures. H. Bruin and G. Clark
[5] studied the so-called double rotations (n = 2 for maps of the circle). Almost all
double rotations are of finite type. The parameters that correspond to infinite type
maps, form a set of Hausdorff dimension strictly between 2 and 3.
J. Buzzi and P. Hubert [2] studied piecewise monotonous maps of zero entropy
and no periodic points. Particularly, they demonstrated that orientation-preserving
ITMs without periodic points may have at most n ergodic probability invariant
measures where n is the number of intervals.
D.Volk [17] was studying ITMs of the segment. He demonstrated that almost any
(w.r.t. Lebesgue measure on the parameters set) ITM of 3 intervals is conjugated
to a rotation or to a double rotation and, hence, is of finite type.
B. Pires in his preprint [12] proved that almost all ITMs admit a non-atomic
invariant measure (he assumed that the map does not have any connections or peri-
odic points). In our paper, we generalise the referred result proving the same result
for all ITMs. Moreover, our techniques allow us to claim that all restrictions of
ITMs to supports of their invariant measures are metrically equivalent to interval
exchange maps. A very similar statement was proved in [12]: any injective piece-
wise continuous map S : [0, 1] → [0, 1] is semi-conjugate to an interval exchange
transformation, possibly with flips.
The more general class of maps is the so-called piecewise translation maps (PWT),
see the precise definition below. This is the multi-dimensional generalisation of
ITMs. Such maps are widely used in applications: herding dynamics in Markov net-
works, second order digital filters, sigma-delta modulators, buck converters, three-
capacitance models, error diffusion algorithm in digital printing, machine learning
etc, please see [14], [15] and [17] for review and references.
A good survey on the results on the theory of PWTs and some brilliant original
results were given by D. Volk [18]. Particularly, such properties as ergodicity, finite
type of the map and the structure of the attractor were discussed. A very interesting
result was obtained in the preprint [15]. If the dimension of the phase space d and
the number n of the elements Mj of the partition are such that n = d + 1, it was
proved that any PWT with rationally independent shift vectors is of finite type
and, consequently, the Lebesgue measure of the attractor is non-zero and, hence
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there exist a continuous invariant measure. This result was proved by the powerful
techniques of restriction of the discontinuous multivalued map to the map on the
set of compact subsets. A similar approach was used in the preprint [18].
The most general class of the maps is the so-called piecewise isometries. We split
the phase space into a finite number of parts and assume that all restrictions of the
considered maps are isometries (that may include rotations).
J.Buzzi [1] demonstrated that piecewise isometries defined on a finite union of
polytopes have zero topological entropy in any dimension. Xin-chu Fu and Jinqiao
Duan [8] studied this problem in dimension 2 (the so-called planar isometries). They
provided sufficient conditions for existence of Milnor-type attractors. Zhan-he Chen
and Rong-zhong Yu [7] have also considered planar piecewise isometries.
The partition of the phase space engenders a naturally defined symbolic dynam-
ics. A. Goetz [9, 10] demonstrated that for so-called regular partition (that is true
under assumptions of our paper) symbolic dynamics of the isometry cannot embed
subshifts of finite type with positive entropy. The condition of polynomial growth
of symbolic words is given.
In this paper we do the following. We formulate conditions on the piecewise con-
tinuous maps that are sufficient for existence of Borel probability invariant measures.
Particularly, we demonstrate that any ITM admits a non-atomic Borel probability
invariant measure and is metrically equivalent to an interval exchange map. Finally,
we study the case when invariant measures of piecewise continuous maps may be
approximated by ones of approximating PWTs.
Later on we use designations f(t0 − 0) and f(t0 + 0) for the left and the right
limit respectively.
1. Piecewise isometries, their periodic points and domains.
Consider a d-dimensional compact Riemannian manifold (M, dist ) or a bounded
setM ⊂ Rd that can be represented as a finite union of closures of pairwise disjoint
domainsMj (j = 1, . . . , n). We consider a map S :M →M such that all restrictions
S|IntMk are isometries (we call such map a piecewise isometry) or translations (the
map is called piecewise translation).
Let H =
⋃n
j=1 ∂Mj. Using terminology of Piecewise Continuous Dynamics, we
call H discontinuity set for the map S, let Ω :=
⋃
k≥0 S
−k(H) be the set of all
eventually discontinuity points.
On M , we consider the Lebesgue probability measure Leb. We assume that
Leb (H) = 0 that implies Leb (Ω) = 0.
Let us study invariant measures and invariant sets of the map S. We use ideas of
[11, §14.5]. There, properties of the so-called interval exchange maps are discussed.
In fact, ”regular” interval exchange maps are a particular case of maps, we are
studying. However, our case is much more difficult and many techniques of the
IEM theory cannot be applied directly.
Observe that the measure Leb is not invariant for S unless this map is invertible
almost everywhere. Moreover, generally speaking, it is not evident if all interval
translation maps admit Borel probability invariant measures. The positive answer
to this question is one of the main results of the paper.
Definition 1.1. We say that a subset Q ⊂ M is periodic if there is k ∈ N such
that Sk(x) = x for any x ∈ Q and all iterations Sl|Q are homeomorphisms for each
1 ≤ l ≤ k.
For piecewise translation maps (but not for piecewise isometries) this implies
that all points of Q are periodic.
Definition 1.2. We say that a subset Q ⊂ M is eventually periodic if there is
m ∈ N such that Sm(Q) is a periodic subset.
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Lemma 1.3. Let S be a piecewise translation map. If x0 ∈M\Ω is a periodic point
of S, there exists a periodic ball that contains the point x0.
Proof. Let k ≥ 1 be such that Sk(x0) = x0. Since x0 /∈ M\Ω there exists a δ > 0
such that if Bδ is the open ball of radius δ centered at x0, then S
l(Bδ) is the open
ball of radius δ centered at Sl(x0) for each 0 ≤ l ≤ k. In particular, Sk(Bδ) = Bδ,
showing that the ball Bδ is periodic. 
A similar statement is true for eventually periodic points.
Definition 1.4. We call a domain J ⊂ M tough if all maps Sk, k ∈ N, are
continuous on J . In one-dimensional case we use the classical notion homterval
for tough intervals.
Evidently, this means that discontinuity points do not belong to Sk(J) for all
k ∈ N. We call a tough domain maximal if it is not a proper subset of another
tough domain. Evidently if J0 is a tough domain then all sets S
k(J0) (k ≥ 0) are
tough domains.
Lemma 1.5. For any interval translation map with rational values cj, all points of
T
1\Ω are eventually periodic and the set T1\Ω is a finite union of homtervals.
Now we go back to the general case of piecewise isometries.
Proposition 1.6. The following statements hold.
(1) Let Jα, α ∈ A be a family of tough domains such that⋂
α∈A
Jα 6= ∅.
Then
J =
⋃
α∈A
Jα
is a tough domain.
(2) If J1 and J2 are tough domains such that J1
⋂
J2 6= ∅ then J1
⋂
J2 is a
tough domain.
Lemma 1.7. Any tough domain J0 is a subset of the uniquely defined maximal
tough domain.
Proof. This domain may be defined as the union of all tough domains U ⊃ J0. 
Lemma 1.8. Any tough domain is eventually periodic.
Proof. Consider a tough domain J0. Since the Lebesgue measure of the manifoldM
is finite and Leb(Sk(J0)) = Leb(J0) > 0 for all positive k, there exist k, l ∈ N, k > l
such that Sl(J0)
⋂
Sk(J0) 6= ∅. Take D – the maximal tough domain that contains
Sl(J0). Then S
k−l(D)
⋃
D is also a tough domain which means that Sk−l(D) = D.
Since Sk−l|D is a piecewise isometry, we are done. 
Definition 1.9. We call a map S generic if it does not have any periodic (tough)
domains.
Given a partition {[tj, tj+1)} of the circle T1, we consider the space of all piecewise
translation maps, varying values of shifts cj . Observe that all translation maps form
a compact subset of a Euclidean space.
Corollary 1.10. For the interval translation map of Example 1.2 given a fixed
number of domains, for a generic map S, the set Ω is dense in T1.
Proof. If the set Ω is not dense, there exists a nontrivial homterval. So, some of
shift vectors must be rationally dependent. The set of all parameters tj and cj with
rationally independent cj is generic. 
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2. Invariant measures for interval translation maps.
In this section, we consider interval translation maps only. Particularly, we set
M = T1 everywhere in this section.
Later on we consider Borel probability invariant measures only. We say that a
measure µ is invariant with respect to the map S if µ(S−1(A)) = µ(A) for any
measurable set A. Since the map S is discontinuous, we cannot appeal to the
Krylov-Bogolyubov theorem for existence of invariant measures. We cannot say that
the Lebesgue measure is invariant. However, as we demonstrate below, invariant
measures exist for any map S.
Definition 2.1. A measure is called non-atomic if the measure of every singleton
is zero.
Observe that if a map does not have any periodic points, every invariant proba-
bility measure is non-atomic. Supports of non-atomic measures are uncountable.
Theorem 2.2. Any interval translation map admits Borel probability non-atomic
invariant measures.
Proof. Let the map S have periodic domains and let J0 be one of them. Take the
minimal positive value m such that Sm(J0) = J0. Then the invariant measure µ
∗
can be constructed as a renormalised restriction of the Lebesgue measure to the set
J0
⋃
S(J0)
⋃
. . .
⋃
Sm−1(J0).
So, we may assume that the map S is generic. Consider sequences {tmk } and {c
m
k }
of rational numbers that converge to tk and ck respectively. Let Sm be corresponding
mappings.
Lemma 2.3. The approximating sequences {tmk } and {c
m
k } may be selected so that
the following statement is true. Assume that numbers i, j ∈ {1, . . . , n}: i 6= j, and
l1, . . . , ln ∈ Z
+ are such that
(2.1) tj − ti =
n∑
k=1
lkck.
Then for any m ∈ N
(2.2) tmj − t
m
i =
n∑
k=1
lkc
m
k .
Proof. Let L be the space of all values tj and cj satisfying all equations (2.1)
that are true for the considered values of parameters. Since all coefficients lk are
integers, points with all rational coordinates are dense in L. 
Lemma 2.4. For any r ∈ N, i, j = 0, . . . , n such that
Sr(ti + 0) = tj or S
r(ti − 0) = tj ,
there exists mr ∈ N such that Srm(t
m
i + 0) = t
m
j or, respectively, S
r
m(t
m
i + 0) = t
m
j
for any m ≥ mr.
Proof. We select approximating sequences tmk and c
m
k so that given i, j, l1, . . . , ln
all equalities (2.2) are satisfied for all m provided the corresponding equality (2.1)
is true. Take m1 so big that for any j ∈ {1, . . . , n} the inclusion
S(tj + 0) ∈ (ti, ti+1)
implies Sm(t
m
j + 0) ∈ (t
m
i , t
m
i+1) and the equality
S(tj + 0) = ti
implies Sm(t
m
j + 0) = ti for all m ≥ m1.
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For such values of m, the boundaries of continuity segments for the map S2m
converge to ones of the map S2. All corresponding shifts (that form a subset of
{cmi + c
m
j mod 1 : i, j = 1, . . . , n}) converge to corresponding shifts of the map S
2.
So, there exists m2 such that for any j ∈ {1, . . . , n} the inclusion
(2.3) S2(tj + 0) ∈ (ti, ti+1)
implies S2m(t
m
j + 0) ∈ (t
m
i , t
m
i+1) and the equality
S2(tj + 0) = ti
implies S2m(t
m
j + 0) = ti for all m ≥ m2 . . .
To finish the proof it suffices to repeat the similar procedure r times. 
Let
Ξm =
∞⋂
k=1
Skm(T
1).
These sets have positive Lebesgue measures, since each of them is a union of a finite
number of arcs. We introduce measures µm as renormalisations of the Lebesgue
measure, restricted to Ξm. These measures are invariant w.r.t. mappings Sm.
Lemma 2.5. Let the map S be generic. For any ε > 0 there exists δ > 0 such that
(2.4) lim sup
m→∞
µm(tk − δ, tk + δ) < ε
for any k = 1, . . . , n.
Proof. Let the statement of the lemma be wrong. Assume, without loss of gener-
ality, that there exist a number ε > 0, a fixed number k and sequences {mr} ⊂ N
and δr → 0 such that
µmr(tk − δr, tk + δr) ≥ ε.
Let N ∈ N be such that 1/N < ε. Then for any r there exist numbers 0 ≤ i < j ≤ N
such that
S−imr(tk − δr, tk + δr)
⋂
S−jmr (tk − δr, tk + δr) 6= ∅.
Let l = j − i. Then for any r ∈ N there exists a point xr ∈ (tk − δr, tk + δr) such
that Slmr(xr) ∈ (tk − δr, tk + δr). Since we could, without loss of generality, take
the same number l for all values of r, at least one of two statements is true: either
Sl(tk − 0) = tk or Sl(tk +0) = tk. Both cases imply existence of a periodic domain
that contradicts assumptions of the lemma. 
Corollary 2.6. Assume that there exists a weak-∗ limit µ∗ of measures µm. Then
(1) µ∗({tk}) = 0 for any k = 1, . . . , n.
(2) for any k = 1, . . . , n and any continuous function ϕ : [tk−1, tk]→ R
lim
m→∞
∫
[tk−1,tk]
ϕdµm =
∫
[tk−1,tk]
ϕdµ∗.
Proof. The first statement is evident. To prove the second one we assume without
loss of generality that
max
[tk−1,tk]
|ϕ(t)| = 1.
Then given an ε > 0 we take a δ > 0 so that µm([tk−1, tk−1+ δ]
⋃
[tk− δ, tk]) < ε for
any m and µ∗([tk−1, tk−1+ δ]
⋃
[tk − δ, tk]) < ε (the last inequality may be satisfied
due to the first statement of the lemma).
Take a non-negative continuous function η : T1 → [0, 1] such that η(t) = 0 for
any t ≤ tk−1 and for any t ≥ tk and η(t) = 1 for any t ∈ [tk−1 + δ, tk − δ]. Let
ψ(t) = η(t)ϕ(t) if t ∈ [tk−1, tk] and ψ(t) = 0 otherwise. This function is continuous.
Then
lim
m→∞
∫
[tk−1,tk]
ψ dµm =
∫
[tk−1,tk]
ψ dµ∗.
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This means that
lim sup
m→∞
∣∣∣∣∣
∫
[tk−1,tk]
ϕdµm −
∫
[tk−1,tk]
ϕdµ∗
∣∣∣∣∣ ≤ 2ε.
Since the value ε can be taken arbitrarily small, this proves the statement of the
corollary. 
Lemma 2.7. For any continuous function ϕ : T1 → R, we have∫
T1
(ϕ(Sm(t))− ϕ(S(t))) dµm(t)→ 0
as m→∞.
Proof. Fix a positive ε > 0. For this ε, select δ > 0 so that all inequalities (2.4)
are satisfied. We can find m0 ∈ N such that
|ϕ(Sm(t))− ϕ(S(t))| < ε
for any m ≥ m0 and
t /∈
n⋃
k=1
[tk − δ, tk + δ]
(here we take m0 so big that |tk − tmk | < δ/2 for all m ≥ m0, k = 1, . . . , n). So,∫
T1\
⋃
[tk−δ,tk+δ]
|ϕ(Sm(t))− ϕ(S(t))| dµm(t) ≤ ε.
For any k, we have ∫
⋃
[tk−δ,tk+δ]
|ϕ(Sm(t))− ϕ(S(t))| dt ≤
2maxt∈[tk−δ,tk+δ] |ϕ(t)|µm (
⋃
[tk − δ, tk + δ]) ≤ 2max |ϕ(t)|ε.
Since the value ε can be taken arbitrarily small, this finishes the proof of the lemma.

Now, we continue the proof of the theorem.
The set of Borel probability measures in T1 is compact in the weak-∗ topology.
Without loss of generality, we may assume that the sequence of invariant measures
µk weakly-∗ converges to a measure µ∗.
Let us prove that µ∗ is invariant w.r.t. S.
Fix a continuous function ϕ : T1 → R. We need to prove that∫
T1
ϕdµ∗ =
∫
T1
ϕ ◦ S dµ∗.
We have
(2.5)
∣∣∣∣∣
∫
T1
(ϕ− ϕ ◦ S) dµ∗
∣∣∣∣∣ ≤
∣∣∣∣∣
∫
T1
(ϕ− ϕ ◦ S) dµ∗ −
∫
T1
(ϕ− ϕ ◦ S) dµm
∣∣∣∣∣+∣∣∣∣∣
∫
T1
(ϕ− ϕ ◦ Sm) dµm
∣∣∣∣∣ +
∣∣∣∣∣
∫
T1
(ϕ ◦ Sm − ϕ ◦ S) dµm
∣∣∣∣∣ .
The first term in the right hand side of Eq. (2.5) tends to 0 due to Corollary 2.6,
the second one is zero since measures µm are Sm-invariant and the third one tends
to zero by Lemma 2.7. So, the right hand side of Eq. (2.5) is zero.
The obtained measure is non-atomic since the generic map does not have any
periodic points out of Ω (see Lemma 2.1) and µ∗(Ω) = 0. Recall that the case of
maps with periodic points was studied in the beginning of the proof. 
Let Ξ =
⋂∞
k=1 S
k(T1).
Corollary 2.8. For any map S the set Ξ is uncountable.
Proof. The support of the non-atomic invariant measure that exists by Theorem
3.1 is a subset of Ξ. 
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Lemma 2.9. Let µ∗ be the non-atomic invariant measure for an interval translation
map S that exists by Theorem 2.2. Then
(2.6) µ∗(S([a, b])) = µ∗([a, b])
for any segment [a, b] ⊂ T1 \ {t1, . . . , tn}.
Proof. Similarly to the proof of Theorem 2.2, we approximate the map S by
maps Sm for which all points are eventually periodic and weakly-∗ approximate
the measure µ by continuous measures µm. All maps Sm are invertible almost
everywhere on supports of their invariant measures. So,
(2.7) µm(Sm([a, b])) = µm([a, b])
for any m ∈ N and any segment [a, b] (in fact, the similar statement is true for any
measurable set). Let us prove that we can take the limit in (2.7). Given ε > 0, we
consider δ > 0 such that
µm([a− δ, a]
⋃
[b, b+ δ]) < ε
and µ∗([a− δ, a]
⋃
[b, b+ δ]) < ε.
Consider a continuous function η : T1 → [0, 1] that equals 1 at points of [a, b]
and equals 0 out of [a− δ, b+ δ]. Then,∫
T1
η dµk →
∫
T1
η dµ∗
and, consequently,
lim inf µm([a, b])− ε ≤ µ
∗([a, b]) ≤ lim supµm([a, b]) + ε
and, therefore
µ∗([a, b]) = limµm([a, b]).
Observe that all maps Sm are continuous on [a, b] for big values of m. Then
there exist constants cm and c such that Sm([a, b]) = [a+ cm, b+ cm] and S([a, b]) =
[a+ c, b+ c]. Then, similarly to the previous step, we can prove that
limµm(Sm([a, b])) = µ
∗(S([a, b]).

Taking limits in (2.6), we could prove the similar statement for segments [a, b] ⊂
[tk, tk+1] even in case when a = tk or/and b = tk+1. Here we use the fact that the
measure µ∗ is non-atomic.
We show that any interval translation map endowed with a non-atomic invariant
measure is metrically equivalent to an interval exchange map of the segment [0, 1].
Theorem 2.10. Let µ∗ be the non-atomic invariant measure for an interval trans-
lation map S that exists by Theorem 2.2. Then the restriction S|suppµ∗ is metrically
equivalent to an interval exchange map T : [0, 1]→ [0, 1] with the Lebesgue measure.
The semi-conjugacy map is one-to-one everywhere, except a countable set.
Proof. Consider the function h(x) = µ∗([0, x]). This function restricted to suppµ∗
is monotonous. The measure µ∗ is non-atomic, so h is continuous. The equality
h(x) = h(y) implies µ∗([x, y]) = 0 so there is a countable set D ⊂ suppµ∗ such that
h|suppµ∗\D is injective and #h
−1(y) = 2 for any y ∈ h(D). Now we define the map
~(x) := maxh−1(x) : [0, 1]→ suppµ∗ that is a right inverse to h and set
(2.8) T (x) := h(S(~(x)).
Then, by definition we have the semi-conjugacy: T ◦ h = h ◦ S out of the countable
set D.
Now let 0 = t0 < . . . < tn = 1 be the points such that the maps S|[tj ,tj+1) are
translations: S(x) = x+ cj for all j = 0, . . . , n. For any j we denote τj = µ
∗([0, tj ]),
so τj = h(tj) if we naturally extend the map h to [0, 1].
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Take two points x < y in a segment Ij := [τj , τj+1) if the segment is non-empty.
By (2.8) we have
T (y)− T (x) = h(S(~(y))− h(S(~(x)))
The map ~ is monotonous and ~(x), ~(y) belong to the same segment [tj , tj+1) where
S is the shift. So, using Eq. (2.6), we have
T (y)− T (x) = µ∗[S(~(x)), S(~(y))] = µ∗[~(x), ~(y)] = h(~(y))− h(~(x)) = y − x.
So, T is an interval translation map. To finish the proof, it suffices to demonstrate
that T preserves the Lebesgue measure. Observe that Leb (h(I)) = µ∗(I) for any
segment I. A similar statement is true for any set that is a finite union of segments.
We have
LebT−1([x, y)) = Leb (~−1 ◦ S−1 ◦ h−1([x, y))) = Leb (h(S−1 ◦ h−1([x, y)))) =
µ∗(S−1 ◦ h−1([x, y))) = µ∗(h−1([x, y))) = µ∗[~(x), ~(y)) = y − x.
Then Leb (T−1(A)) = Leb (A) for any measurable set A.
If the map T is not an interval exchange map, there must be two segments whose
images coincide. This contradicts to the invariance of the Lebesgue measure. 
Let us recall some standard definitions from Topological Dynamics.
Definition 2.11. We call a point x recurrent (Poisson stable) with respect to the
map S if there exists an increasing sequence {mk ∈ N} such that Smk(x)→ x.
Definition 2.12. We call a point x nonwandering with respect to the map S if for
any neighbourhood U of the point x there is a point p ∈ U and a number k ∈ N such
that p, Sk(p) ∈ U .
Observe that the last definition works even for points of the discontinuity set
where the map may be undefined.
Recall that the closure of the set of all recurrent points is a subset of the set
Ω(S) of all non-wandering points.The next statement is well-known for continuous
maps, we give a proof for interval translation maps.
Theorem 2.13. Let µ∗ an the invariant measure for the mapping S. The recurrent
points of S are dense in suppµ∗.
Proof. Let {Uj}j∈N be a countable base of the topology in suppµ
∗. For any j
consider the set
Nj := {x ∈ Uj : #{m ∈ N : S
m(x) ∈ Uj} <∞}.
By Poincare´ Recurrence Theorem, µ(Nj) = 0 for any j, so µ(R) = 1 where
R = suppµ∗\
∞⋃
j=1
Nj .
For any x ∈ R and any ε > 0 there exists m ∈ N such that |Sm(x)−x| < ε. Then
x is a recurrent point. The set R is dense in suppµ∗ by definition of the support of
the measure. 
So, the set of recurrent points must be uncountable for interval translation maps.
Remark 2.14. In the proof of Theorem 2.2 it was very important that we consider a
one-dimensional map. Existence of an invariant measures for all piecewise isometries
(or, even, for all piecewise translation maps) is an open question. The only non-
trivial result in this area, author knows, follows from the main theorem of the
preprint [15]. There, a piecewise translation map S : M → M is considered where
M =
⋃n
j=1Mj is a subset of R
d. Let cardinality n of the partition {Mj} be such
that n = d + 1 and cj be the translation vectors. It was proved that the map S
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is finite provided vectors c1, . . . cd+1 be rationally independent. In this case the
Lebesgue measure of the set
Ω =
∞⋂
m=1
Sm(M)
is non-zero. So, the restriction of the Lebesgue measure to Ω is a non-atomic
invariant measure. It is an easy exercise that an invariant measure exists if n < d+1
and the vectors c1, . . . , cn are rationally independent (we leave the proof to readers).
3. Invariant measures for Piecewise Continuous Maps
Here we formulate and prove a result on existence of invariant measures for
piecewise continuous maps. Once again, we consider a d-dimensional compact Rie-
mannian manifold (M, dist ) or a bounded set M ⊂ Rd that can be represented as
a finite union of closures of pairwise disjoint domains Mj (j = 1, . . . , n). Consider
a map T :M →M where restrictions T |Mj are continuous maps.
Let H be the (compact) discontinuity set of T and Hε = {x ∈M : dist (x,H) <
ε}. Let Ω :=
⋃∞
j=0 T
−j(H).
Theorem 3.1. Assume that there exists a point x /∈ Ω such that
(3.1) lim
ε→0
lim sup
m∈N
1
m
#{1 ≤ k ≤ m : T k(x) ∈ Hε} = 0.
Then the map T admits a Borel probability invariant measure.
Proof. We use the idea of the proof of the Krylov-Bogolyubov theorem. We fix
the point x ∈M\Ω and consider the sequence of measures
µm :=
1
m
m−1∑
i=0
δ(T i(x))
where δ(y) is the Dirac measure at the point y. All these measures are Borel
probabilities on M . The space of such measures is compact in the weak-∗ topology
hence we could take a subsequence µmk , weakly-∗ converging to a measure µ
∗. The
assumption (3.1) guarantees that given σ > 0 there exist m0 ∈ N and ε > 0 such
that µm(Hε) → 0 for any m ≥ m0. Therefore µ∗(H) = µ∗(Ω) = 0. Let T# be
the pushforward operator on the space of Borel probability measures: T#(µ) = ν
if ν(A) = µ(T−1(A)) for any measurable set A. Observe that for any m
T#µm − µm =
1
m
(δ(Tm(x)) − δ(x)).
So,
(3.2) lim
k→∞
T#(µmk) = µ
∗.
Lemma 3.2. lim
k→∞
T#(µmk) = T
#(µ∗).
Proof. Fix a continuous function ϕ :M → R. We need to prove that
(3.3) lim
∫
M
ϕ ◦ T dµmk =
∫
M
ϕ ◦ T dµ∗.
Fix an ε > 0 and consider a continuous function ηε :M → [0, 1] that equals 0 in
Hε and equals 1 out of H2ε. Functions ϕ(T (x))ηε(x) are continuous for any ε > 0,
so
lim
∫
M
ϕ ◦ T · ηε dµmk =
∫
M
ϕ ◦ T · ηε dµ
∗.
Given a κ > 0 and a function ϕ, we could select m0 and ε so that∣∣∣∣
∫
M
ϕ ◦ T · ηε dµmk −
∫
M
ϕ ◦ T dµmk
∣∣∣∣ ≤ κ
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for any m ≥ m0 and ∣∣∣∣
∫
M
ϕ ◦ T · ηε dµ
∗ −
∫
M
ϕ ◦ T dµ∗
∣∣∣∣ ≤ κ.
This proves the lemma. Then statement of the lemma and formula (3.2) imply that
the measure µ∗ is invariant. 
Corollary 3.3. If the discontinuity set H of a map T does not contain nonwan-
dering points, the map T admits a Borel probability invariant measure.
The last result of the paper concerns numerical approximations of invariant mea-
sures for discontinuous maps. Also, it gives a weak version of semicontinuity of
non-atomic invariant measures with respect to parameters of ITMs.
Theorem 3.4. Let S : T1 → T1 be a piecewise continuous map with a finite
discontinuity set H. Let a sequence of interval translation maps Sk converge to S
uniformly on compact subsets of T1 \H. Assume that a sequence of Sk-invariant
Borel probability measures µk converges weakly-∗ to a measure µ∗ and
(3.4) µ∗(H) = 0.
Then the measure µ∗ is S-invariant.
Proof. Take a continuous function ϕ : T1 → R and ε > 0. Given a δ > 0, let
ηδ ∈ C0(T1 → [0, 1]) be a continuous function such that ηδ = 0 in Uδ(H) – the
δ-neighbourhood of H and ηδ(x) = 1 out of the 2δ-neighbourhood of H .
Observe that given κ > 0, we can take δ > 0 so that lim supk µk(Uδ(H)) < κ. To
see this, it suffices to consider convergence∫
T1
(1− ηδ) dµk →
∫
T1
(1 − ηδ) dµ
∗
and take into account the fact that µ∗(U2δ(H))→ 0 as δ → 0.
Since the measures µk are Sk-invariant, we have∫
T1
ϕdµk =
∫
T1
ϕ ◦ Sk dµk
for all k ∈ N. Given ε > 0, we take δ > 0 so small that
max
x∈T1
|ϕ(x)| lim sup
k→∞
µk(U2δ(H)) < ε
(we can do this since the function ϕ is continuous). Then evidently
max
x∈T1
|ϕ(x)| lim sup
k→∞
µ∗(U2δ(H)) < ε.
Then
lim sup
k
∣∣∣∣
∫
T1
ϕ · ηδ dµk −
∫
T1
ϕ ◦ Sk · ηδ dµk
∣∣∣∣ ≤ 2ε.
Since Sk converges to S uniformly on T
1\Uδ(H), the latter formula implies
lim sup
k
∣∣∣∣
∫
T1
ϕ · ηδ dµk −
∫
T1
ϕ ◦ S · ηδ dµk
∣∣∣∣ ≤ 2ε.
Both functions ϕ ·ηδ and ϕ◦S ·ηδ are continuous of T1, so, we may proceed to limit
in (3.3). So, ∣∣∣∣
∫
T1
ϕ · ηδ dµ
∗ −
∫
T1
ϕ ◦ S · ηδ dµ
∗
∣∣∣∣ ≤ 2ε
and, consequently ∣∣∣∣
∫
T1
ϕdµ∗ −
∫
T1
ϕ ◦ S dµ∗
∣∣∣∣ ≤ 4ε.
Since the continuous function ϕ is arbitrary and ε > 0 is arbitrarily small, the
measure µ∗ is S-invariant. 
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4. Conclusion
Here we list once again the principal results of the paper.
(1) Any interval translation map admits a Borel non-atomic probability invari-
ant measure.
(2) Interval translation maps endowed with this measure are metrically equiv-
alent to interval exchange maps with the Lebesgue measure.
(3) Any piecewise continuous map without nonwandering points on the discon-
tinuity set admits a Borel probability invariant measure.
(4) If a sequence of interval translation maps approximates a piecewise contin-
uous map and the sequence of corresponding invariant measures, weakly
converges to a measure, the latter measure is invariant with respect to the
piecewise continuous map.
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